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Given a pure state and an arbitrary decomposition of it as a superposition of two terms, is
there a relation between the coherence of the superposition state and that of the two terms being
superposed? Using the relative entropy of coherence, we give an affirmative answer to this question,
and obtain the upper bounds of the coherence of superposition in terms of the coherence of two
terms under different conditions: 1) the two terms have support on orthogonal subspaces; 2) the two
terms are in the same subspace. Furthermore, we also obtain the lower bound relation of coherence
of superpositions.
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Introduction.—Quantum coherence is a fundamental
part in quantum mechanics. It is also the potential sig-
nificant physical resource in quantum information theory
[1], and thermodynamics [2, 3]. Recently, Baumgratz et
al. [4] proposed a rigorous framework to quantify coher-
ence. After that, there are prolific researches on quan-
tum coherence, including different coherence measures
[5–7], the properties of coherence [8, 9]. the freezing phe-
nomenon of coherence [10], the relation between coher-
ence, entanglement and quantum correlation [11–13], and
some other topics [14–17].
It’s well-known that quantum coherence and quantum
entanglement are both rooted in the superposition prin-
ciple. Naturally, we wonder how superposition affects
them. In the case of entanglement, Linden et al. [18]
raised a problem: what is the relation between the en-
tanglement of a bipartite state and that of the two terms
in the superposition? They found upper bounds on the
entanglement of the superposition state in terms of the
entanglement of the states being superposed. Since then,
there are extensive works to further study entanglement
of superpositions [19–21].
In the case of coherence, it is also interesting to con-
sider the analogical problem: is there a relation between
the coherence of superposition and that of two terms be-
ing superposed? That is, given an arbitrary state |Ω〉,
and a decomposition of it
|Ω〉=α|Φ〉+ β|Ψ〉, (1)
what is the relation between the coherence of |Ω〉 and
that of |Φ〉 and |Ψ〉?
Before undertaking our study, it is worth of making
some observations. We consider the coherence of the fol-
lowing superposition under computation basis
|Ω1〉= 1√
2
(|0〉+ |1〉). (2)
As we know, |0〉, |1〉 both are incoherent states, but their
superposition |Ω1〉 is a maximally coherent state.
However, there also exists another situation, i.e.,
|Ω2〉= 1√
2
(|+〉+ |−〉), (3)
where |±〉 = (|0〉 ± |1〉)/√2. Each term in the right hand
side of Eq. (3) is a maximally coherence state, but their
superposition is incoherent.
In the light of the above two examples, it seems that
there is no relation between the coherence of |Ω〉 and
that of |Φ〉, |Ψ〉. However, in this paper, we find that
the relations indeed exist, and obtain the upper bound of
the difference between the coherence of the superposition
state and the average coherence of terms in the case that
two terms have support on orthogonal subspaces; while in
the case that two terms are in one subspace, we get other
relations. Furthermore, we obtain the lower bound of the
coherence of superposition in terms of the coherence of
two individual terms. Our results might provide us a
deeper insight into the research of quantum coherence.
The paper is organized as follows. First, using the rel-
ative entropy of coherence, we obtain the upper bound
of coherence of the superposition in the case that two
terms are in different orthogonal subspaces. Second, up-
per bounds in the case that the two terms are chosen
from the same subspace are also given. Third, we deduce
the lower bound of coherence of the superposition state
generated by superposing two arbitrary states. Finally,
we make a conclusion.
The upper bound in two orthogonal subspaces.—In this
section, we study the relation between the coherence of
two states have support on orthogonal subspaces and that
of their superposition.
In order to solve this problem, we need the definition of
the relative entropy of coherence [4]. Given a particular
basis, {|i〉di=1}, the relative entropy of coherence
Cre(ρ) = S(ρdiag)− S(ρ), (4)
is a proper measure of coherence. Here, S(ρ) is von Neu-
mann entropy of ρ, ρ is density operator and ρdiag denotes
2the state obtained from ρ by vanishing all off-diagonal
elements. In the case of a pure state |ψ〉, its relative
entropy of coherence can be expressed as
Cre(|ψ〉〈ψ|) = S(|ψ〉diag〈ψ|). (5)
In addition, the following two inequalities [1] will be
repeatedly used throughout this paper,
|α|2 S (ρ) + |β|2 S (σ) ≤ S
(
|α|2 ρ+ |β|2 σ
)
, (6)
S
( |α|2ρ+ |β|2 σ) ≤ |α|2 S (ρ) + |β|2 S (σ) + h(|α|2) .(7)
Note that, the equality of (6) holds if and only if ρ and
σ are identical, and the equality of (7) holds if and only
if ρ and σ have support on orthogonal subspaces.
Using Eq. (5) and inequality (7), we obtain the follow-
ing theorem.
Theorem 1. Let |Φ〉, |Ψ〉 be two states which have
support on orthogonal subspaces, and |Ω〉=α |Φ〉+β |Ψ〉.
Then, the coherence of the superposition satisfies
Cre (|Ω〉 〈Ω|)= |α|2 Cre (|Φ〉 〈Φ|)
+ |β|2 Cre (|Ψ〉 〈Ψ|) + h
(
|α|2
)
, (8)
where |α|2+|β|2 = 1 and h(x) = −x log x−(1−x) log(1−
x).
Proof. Combining with the conditions of Theorem 1
and inequality (7), we can easily get
|α|2S(|Φ〉diag〈Φ|) + |β|2S(|Ψ〉diag〈Ψ|) + h(|α|2)
=S(|Ω〉diag〈Ω|).
(9)
Thus, we can get Eq. (8) in terms of Eq. (5).
According to Theorem 1, it is not difficult to obtain
the following inequality, i.e.,
Cre (|Ω〉 〈Ω|)− |α|2 Cre (|Φ〉 〈Φ|)− |β|2 Cre (|Ψ〉 〈Ψ|) ≤ 1.
(10)
Hence, the upper bound of the maximum increase of co-
herence is 1, and it is independent of the dimension.
The upper bounds in one space.— In this section, we
study the relationship between the coherence of two
terms in one subspace and that of their superposition
state. For two terms, we study orthogonal and non-
orthogonal cases respectively.
1. Orthogonal states. Combining the coherence of the
pure state with inequalities (6) and (7), we prove the
following theorem.
Theorem 2. Given two orthogonal states |Φ〉, |Ψ〉. Let
|Ω〉=α |Φ〉+ β |Ψ〉 and |α|2 + |β|2 = 1. Then, the coher-
ence of the superposition satisfies
Cre (|Ω〉 〈Ω|) ≤2
[
|α|2 Cre (|Φ〉 〈Φ|) + |β|2 Cre (|Ψ〉 〈Ψ|)
+h
(
|α|2
) ]
. (11)
Proof. For a fixed basis {|i〉di=1}, |Φ〉 and |Ψ〉 can
be written as |Φ〉 =
d∑
i=1
ai |i〉 , |Ψ〉 =
d∑
i=1
bi |i〉. Let
|Γ〉=α |Φ〉 − β |Ψ〉. Then we have
|Ω〉diag 〈Ω| =
d∑
i=1
ωi |i〉 〈i| ,
|Γ〉diag 〈Γ| =
d∑
i=1
νi |i〉 〈i| ,
(12)
where
ωi = |α|2 |ai|2 + |β|2 |bi|2 + α∗βa∗i bi + αβ∗aib∗i ,
νi = |α|2 |ai|2 + |β|2 |bi|2 − α∗βa∗i bi − αβ∗aib∗i .
Thus, we can get the following equation
1
2
|Ω〉diag 〈Ω|+
1
2
|Γ〉diag 〈Γ|
=|α|2|Φ〉diag〈Φ|+ |β|2|Ψ〉diag〈Ψ|. (13)
By using the inequalities (6) and (7), the following in-
equality can be deduced
1
2
S(|Ω〉diag 〈Ω|) +
1
2
S(|Γ〉diag 〈Γ|)
≤S(1
2
|Ω〉diag 〈Ω|+
1
2
|Γ〉diag 〈Γ|)
≤|α|2S(|Φ〉diag〈Φ|) + |β|2S(|Ψ〉diag〈Ψ|) + h(|α|2).
Since S(|Γ〉diag 〈Γ|) ≥ 0, we have
|α|2S(|Φ〉diag〈Φ|) + |β|2S(|Ψ〉diag〈Ψ|) + h(|α|2)
≥1
2
S
(
|Ω〉diag 〈Ω|
)
. (14)
According to Eq. (5), we can obtain the inequality (11).
Hence, we obtain the upper bound of the coherence
of superposition in terms of two orthogonal terms being
superposed. Though the relation is different from the one
in Theorem 1, but we could consider Theorem 1 as the
special situation of Theorem 2. Next, we consider the
general situation which can include Theorem 2. That is,
the arbitrary state, and it can be divided into two cases:
orthogonal and non-orthogonal. Since we have obtained
the result of two orthogonal states, in the following we
only consider the case of two non-orthogonal states.
2. Non-orthogonal states. Now, we consider the non-
orthogonal case. Let |Φ〉, |Ψ〉 be two common normalized
states, which we are superposing are non-orthogonal. In
this case, we can obtain the following theorem.
Theorem 3. Let two states |Φ〉, |Ψ〉 be normalized but
non-orthogonal. Let |T1〉 = α|Φ〉+β|Ψ〉‖α|Φ〉+β|Ψ〉‖ and |α|2+ |β|2 =
1. Then, the coherence of the superposition satisfies
‖α |Φ〉+ β |Ψ〉‖2Cre (|T1〉 〈T1|) ≤ 2
[
|α|2 Cre (|Φ〉 〈Φ|)
+ |β|2 Cre (|Ψ〉 〈Ψ|) + h
(
|α|2
) ]
. (15)
3Proof. For a fixed basis {|i〉di=1}, |Φ〉 and |Ψ〉 can be
written as |Φ〉 =
d∑
i=1
ai |i〉 , |Ψ〉 =
d∑
i=1
bi |i〉. So it is not
difficult to get
‖α|Φ〉+ β|Ψ〉‖2 + ‖α|Φ〉 − β|Ψ〉‖2 = 2. (16)
We consider the following two superposition states
|T1〉 = α|Φ〉+ β|Ψ〉‖α|Φ〉+ β|Ψ〉‖ , |T2〉 =
α|Φ〉 − β|Ψ〉
‖α|Φ〉 − β|Ψ〉‖ , (17)
which satisfy normalization. Then we have
‖α |Φ〉+ β |Ψ〉‖2
2
|T1〉diag 〈T1|
+
‖α |Φ〉 − β |Ψ〉‖2
2
|T2〉diag 〈T2|
=|α|2 |Φ〉diag 〈Φ|+ |β|2 |Ψ〉diag 〈Ψ| . (18)
Hence, using the inequalities (6) and (7), we can obtain
the following inequality
‖α|Φ〉+ β|Ψ〉‖2
2
S(|T1〉diag〈T1|)
+
‖α|Φ〉 − β|Ψ〉‖2
2
S(|T2〉diag〈T2|)
≤ |α|2S(|Φ〉diag〈Φ|) + |β|2S(|Ψ〉diag〈Ψ|) + h(|α|2).(19)
Due to the non-negativity of von Neumann entropy, we
can obtain the following inequality
‖α|Φ〉+ β|Ψ〉‖2
2
S(|T1〉diag〈T1|)
≤ |α|2S(|Φ〉diag〈Φ|) + |β|2S(|Ψ〉diag〈Ψ|) + h(|α|2).(20)
Because the von Neumann entropy of |Φ〉, |Ψ〉 are both
zero, the inequality (15) can be derived.
The lower bound of coherence of superposition.— Up
to now, upper bounds of coherence of superposition have
been studied. Naturally, we wonder if there is a lower
bound of coherence of superpositions. By the following
theorem, we give an affirmative answer.
Theorem 4. Let two states |Φ〉, |Ψ〉 be normalized but otherwise arbitrary, |T1〉 = α|Φ〉+β|Ψ〉s and |α|2 + |β|2 = 1.
Then, the coherence of the superposition satisfies
s2Cre (|T1〉 〈T1|)≥ max
{
|α|2
2
Cre (|Φ〉 〈Φ|)− |β|2 Cre (|Ψ〉 〈Ψ|)−
(
s2 + |β|2
)
h
(
|β|2
s2 + |β|2
)
,
|β|2
2
Cre (|Ψ〉 〈Ψ|)− |α|2 Cre (|Φ〉 〈Φ|)−
(
s2 + |α|2
)
h
(
|α|2
s2 + |α|2
)}
, (21)
where ‖α |Φ〉+ β |Ψ〉‖ = s.
Proof. Using |T1〉, |Φ〉 and |Ψ〉 can be separately rewrit-
ten as
α|Φ〉√
s2 + |β|2=
s|T1〉√
s2 + |β|2 −
β√
s2 + |β|2 |Ψ〉, (22)
and
β|Ψ〉√
s2 + |α|2=
s|T1〉√
s2 + |α|2 −
α√
s2 + |α|2 |Φ〉. (23)
According to Theorem 2 and Theorem 3, we have
|α|2
s2 + |β|2Cre (|Φ〉 〈Φ|) ≤ 2
[
s2
s2 + |β|2Cre (|T1〉 〈T1|)
+
|β|2
s2 + |β|2Cre (|Ψ〉 〈Ψ|) + h
(
|β|2
s2 + |β|2
)]
. (24)
Furthermore, through the transpose and simplify, we ob-
tain the following inequality
s2Cre (|T1〉 〈T1|)≥ |α|
2
2
Cre (|Φ〉 〈Φ|)− |β|2 Cre (|Ψ〉 〈Ψ|)
−
(
s2 + |β|2
)
h
(
|β|2
s2 + |β|2
)
. (25)
On the other hand, we can deduce the other inequality
by the same method. That is
s2Cre (|T1〉 〈T1|)≥ |β|
2
2
Cre (|Ψ〉 〈Ψ|)− |α|2 Cre (|Φ〉 〈Φ|)
−
(
s2 + |α|2
)
h
(
|α|2
s2 + |α|2
)
. (26)
Therefore, both of the inequalities (25) and (26) should
be satisfied, and now we have finished the proof of The-
orem 4.
4Conclusion.— We give upper bounds of the coherence
of the superpositions in terms of the coherence of two
terms being supposed. Meanwhile, we obtain the lower
bound for the coherence of the superpositions. In ad-
dition, the case of multiple terms in superposition can
be directly built using our methods. Our results might
give us a deeper understanding of quantum coherence
and attract us to research other novel relations between
coherence and entanglement. Noting that a recent work
have investigated the creation of a superposition of un-
known quantum states [22], we hope our results can also
be used to bound the coherence of the created superpo-
sition state.
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